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a b s t r a c t
Write a ≡ 3 · 2−1 and b ≡ 3 · 2−2 (mod p)where p is an odd prime. Let c be a value that is
congruent (mod p) to either a or b. For any x fromZp\{0}, evaluate each of x and cx (mod p)
within the interval (0, p). Then consider the quantity µ∗c (x) = min(cx − x, x − cx) where
the differences are evaluated (mod p − 1, not mod p) in the interval (0, p − 1), and the
quantity µ∧c (x) = min(cx− x, x− cx)where the differences are evaluated (mod p+ 1) in
the interval (0, p+ 1). As x varies over Zp \ {0}, the values of each of µ∗c (x) and µ∧c (x) give
exactly two occurrences of nearly every member of 1, 2, . . . , (p− 1)/2. This fact enables a
and b to be used in constructing some terraces forZp−1 andZp+1 from segments of elements
that are themselves initially evaluated in Zp.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
1.1. Preliminaries
Let a = (a1, a2, . . . , am)be an arrangement of the elements ofZm, and letb = (b1, b2, . . . , bm−1)be the ordered sequence
bi = ai+1 − ai for i = 1, 2, . . . ,m − 1. The arrangement a is a terrace for Zm (in short, a Zm terrace [12]), with b as
the corresponding 2-sequencing or quasi-sequencing for Zm, if the sequences b and −b between them contain exactly two
occurrences of each element x fromZm\{0}.When a terrace is printed in a display, as below, its end-brackets and its commas
are customarily omitted.
Various simple constructions for Zm terraces are well established in the literature. Perhaps the most notable are the
following:
• The Lucas–Walecki–Williams terrace. This constructionwas used by Lucas [13, pp. 162–164], whose posthumous text gives
credit to Walecki, and by Williams [15]:
0 1 m− 1 2 m− 2 3 m− 3 . . . .
• The Owens terrace. This construction, form odd, is due to P.J. Owens but was reported in [14, p. 146]:
0 1 m− 2 3 m− 4 . . .︸ ︷︷ ︸
(m−1)/2 elements
. . . m− 3 4 m− 1 2︸ ︷︷ ︸
(m−1)/2 elements1
.
∗ Corresponding author at: School of Mathematical Sciences, Queen Mary, University of London, Mile End Road, London E1 4NS, UK.
E-mail address: D.A.Preece@qmul.ac.uk (D.A. Preece).
1 (generated from the right)
0012-365X/$ – see front matter© 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2008.09.046
I. Anderson, D.A. Preece / Discrete Mathematics 310 (2010) 312–324 313
• Triangular-numbers terraces. The general construction, which requires m to be an odd prime, was given by Anderson [1,
2]. Write m = 2` + 1 and τj = j(j + 1)/2 (j = 0, 1, . . . , `). Let r be a non-square element from Zm \ {0}. Then a is a
triangular-numbers terrace if aj = τj−1(j = 1, 2, . . . , `+ 1) and if aj = (1− r)τ` + rτm−j (j = `+ 1, `+ 2, . . . ,m).
However, Anderson and Preece [3–6,9] took the subject of terrace construction in a new direction by giving general
constructions for ‘‘power-sequence’’ terraces for Zm where m is odd. Each of these terraces can be partitioned into
segments one of which contains merely the zero element of Zm, whereas each other segment is either (a) a sequence of
successive powers of an element of Zm, or (b) such a sequence multiplied throughout by a constant. Many of the sequences
x0, x1, . . . , xs−1 of distinct elements are ‘‘full-cycle’’ sequences such that xs = x0, but partial cycles are used too.
The techniques used in [3–6,9] are not adaptable to produce terraces from power-sequences in Zm where m is even.
However, for n odd, sequences of powers of non-zero elements of Zn (mod n) can be used (perhaps counterintuitively) to
construct terraces for Zn−2, Zn−1, Zn+1 and Zn+2 [8, Section 1]. Various constructions are given in [7,8,10,11]. Searches for
such constructions have revealed that, if we wish to produce terraces for Zp−1 and Zp+1 where p is an odd prime, then use
can bemade of sequences of powers, modulo p, of a and bwhere a ≡ 3·2−1 and b ≡ 3·2−2 (mod p). Indeed, a and b (mod p)
turn out to have remarkable special properties. We reveal these properties in the lemmata of Section 1.2 and theorems of
Section 2. Then, in Section 3, we obtain terraces from constructions dependent on a and b. But first, to give a feel for our
subject, we informally illustrate how terraces for Zp−1 and Zp+1 can be obtained from sequences of elements of Zp.
Consider, for example, the following Z10 terrace, where the zero element of Z10 is written as 10:
9 3 1 4 5 8 7 2 10 6.
This terrace is obtained when the following ordered sequence of elements of Z11 (not Z10) is evaluated, modulo 11 (not
modulo 10), with each element lying between 0 and 11:
32 31 30 3−1 3−2 | −5−3 −5−2 −5−1 −50 −51.
We thus work in Zp, with p = 11, to obtain a terrace for Zp−1. If we calculate the differences, modulo p, between the
successive elements of the sequence, we obtain the following ordered sequence of µ-differences [7, Section 1]:
5 2 3 1 3 1 5 3 4.
(The µ-difference between two successive elements f and g of the initial sequence is the lesser of the values f − g and
g − f when each is evaluated, modulo p, so as to lie in the interval (0, p).) However, if we work modulo p− 1 we obtain [7,
Section 1] the analogously calculated µ∗-differences
4 2 3 1 3 1 5 2 4,
which are the differences for a Zp−1 terrace where p = 11; here the first and eighth µ∗-differences, being 1 less than
the corresponding µ-differences, are reduced differences [7, Section 1]. We say that the Z10 terrace has two segments, one
containing the successive powers of 3, and the other containing the negatives of successive powers of 5; wewrite the terrace
with the segments separated by a fence |:
9 3 1 4 5 | 8 7 2 10 6. (1)
Now consider the following Z12 terrace:
10 2 7 8 6 11 1 4 5 9 3 0.
This too is obtained by working in Z11, but now the elements of Z11 \ {0} are supplemented by two zero elements, written
as 0 and 11. This terrace is obtained when the following ordered sequence of elements is evaluated, modulo 11, so that each
non-zero element lies between 0 and 11, and so that each of the zeros, denoted 00 and 011, is equal to its suffix:
−55 −54 −53 −52 −51 | 011 | 35 34 33 32 31 | 00.
We thus now work in Zp, with p = 11, to obtain a terrace for Zp+1. If, as before, we calculate the differences, modulo p,
between successive elements, we obtain the following µ-differences:
3 5 1 2 5 1 3 1 4 5 3.
However, if we work modulo p+ 1, we obtain the corresponding µ∧-differences
4 5 1 2 5 2 3 1 4 6 3,
which are the differences for a Z12 terrace; the first, sixth and tenthµ∧-differences, being 1 greater than the corresponding
µ-differences, are raised differences [8, Section 1]. The Z12 terrace has four segments, separated by fences as follows:
10 2 7 8 6 | 11 | 1 4 5 9 3 | 0. (2)
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Terraces (1) and (2) are obtained by ad hoc constructions, available because the value p = 11 is small; these terraces
do not arise from general constructions for some series of values of p. We showed in [7,8,10] that there are many general
constructions for constructing Zp−1 and Zp+1 terraces (p prime) with segments of the form
κxi+1 κxi+2 . . . κxi+q
and
κxi−1 κxi−2 . . . κxi−q
where x ∈ Zp\{0} andwhere the elements are evaluated,modulo p, to lie in (0, p). However,most such general constructions
have x = 2 in every segment containing more than a single (zero) element. The present paper shows that a few special
general constructions are available where segments variously have x ≡ 3 · 2−1 or 3 · 2−2, modulo p, where p is prime.
Henceforth we write a = 3 · 2−1 and b = 3 · 2−2, each being evaluated, modulo p, in (0, p).
1.2. Reduced and raised differences
We now formalise some of the ideas introduced above, and obtain basic results for use in subsequent sections. As in
previous papers, we write Si = {1, 2, . . . , i}. We use bxc to denote the integral part of x, and dxe to denote the least integer
greater than or equal to x.
For p an odd prime, let α1, α2, . . . , αs denote a sequence of distinct elements of Zp \ {0}, each value αi (i = 1, 2, . . . , s)
being written so that 0 < αi < p. Using subtraction modulo p, we write di = αi+1−αi (0 < di < p) and ei = αi−αi+1 (0 <
ei < p) for i = 1, 2, . . . , s − 1, and we define µi = min(di, ei). Similarly, using subtraction modulo p − 1, we write
d∗i = αi+1 − αi (0 < d∗i < p) and e∗i = αi − αi+1(0 < e∗i < p), and we define µ∗i = min(d∗i , e∗i ). Working modulo p + 1
instead of p− 1, we likewise obtain d∧i , e∧i and µ∧i .
We call the values µi the µ-differences (from µ = mu = minimum unsigned); we similarly have the µ∗ and µ∧-
differences. For each iwe have µ∗i = µi or µi − 1, and µ∧i = µi or µi + 1. If µ∗i = µi − 1 we call µ∗i a reduced difference; if
µ∧i = µi+ 1 it is a raised difference. We are not aware of these concepts having been studied previously, except in our own
papers already cited.
If we have αi = x and αi+1 = cxwhere c ∈ Zp \ {0}, we denote the respective differences µi, µ∗i and µ∧i by µc(x), µ∗c (x)
and µ∧c (x). Thus, for example, µ∗c (x) = min(cx − x, x − cx) where cx and x are evaluated (modulo p) within the interval
(0, p), and their differences are evaluated (modulo p− 1) within the interval (0, p− 1). Clearly,µc(x) = µc(y) only if x = y
or x = p− y; however, for the differences µ∗ and µ∧ the situation is more complicated.
Lemma 1.2.1. Let p be an odd prime; let a = (p+ 3)/2 and q = (p− 1)/2. As x varies over Zp \ {0},
(i) the values of µ∗a(x) give each element of Sq−1 exactly twice, save that bp/3c is given exactly four times;
(ii) the values of µ∧a (x) give each element of Sq+1 exactly twice, save that dp/3e is missing.
Further, µ∗a(x) = µ∗a(p− x) and µ∧a (x) = µ∧a (p− x) for each x.
Proof. The proof of (i) is in [7, Lemma 2.3], and that of (ii) is similar. The ideas of these proofs will be used again in the proof
of our next lemma. 
Lemma 1.2.2. Let p be an odd prime, write q = (p− 1)/2, and let b be defined by 4b ≡ 3 (mod p). As x varies over Zp \ {0},
(i) the values of µ∗b(x) give each element of Sq exactly twice, save that bp/3c is missing and bp/4c is given exactly four times;
(ii) the values of µ∧b (x) give each element of Sq exactly twice, save that dp/4e is missing and b(p + 3)/3c is given exactly
four times.
Proof. First consider values of x that satisfy 0 < x < p/3.
• If x ≡ 0 (mod 4)we have µ∗b(x) = µb(x) = x− bx = x/4.• If x ≡ 1 (mod 4) and p ≡ 1 (mod 4) we have bx = (3x + p)/4 so that µ∗b(x) = µb(x) = (p − x)/4, whereas if
p ≡ 3 (mod 4)wehave bx = (3x+3p)/4 and bx−x = (3p−x)/4 > p/2 so thatµb(x) = (p+x)/4 andµ∗b(x) = µb(x)−1.• If x ≡ 2 (mod 4)we have µ∗b(x) = µb(x) = (2p− x)/4.• If x ≡ 3 (mod 4) and p ≡ 1 (mod 4) we have bx = (3x + 3p)/4 so that µb(x) = (p + x)/4 and µ∗b(x) = µb(x) − 1,
whereas if p ≡ 3 (mod 4)we have bx = (3x+ p)/4 so that µb(x) = µ∗b(x) = (p− x)/4.
Next, for all x satisfying p/3 < x < 2p/3 we find that µ∗b(x) = µb(x).
When 2p/3 < x < pwe have µ∗b(x) = µb(x)− 1 precisely when:
(a) p− x ≡ 1 (mod 4) and p ≡ 3 (mod 4), i.e. x ≡ 2 (mod 4) and p ≡ 3 (mod 4), and when
(b) p− x ≡ 3 (mod 4) and p ≡ 1 (mod 4), i.e. x ≡ 2 (mod 4) and p ≡ 1 (mod 4).
So µ∗b(x) = µb(x)− 1 when x ≡ 2 (mod 4).
Now the differencesµb(x) give each element of Sq twice. If p ≡ 3 (mod 4) theµ-differences (p+x)/4with x ≡ 1 (mod 4)
and 0 < x < p/3 are reduced to µ∗-differences (p + x − 4)/4, so now (p − 3)/4 = bp/4c occurs four times and we lose
(p+ x)/4 where x = (p−4)/3 or (p−8)/3 according as p ≡ 7 or 11 (mod 12); thus we lose bp/3c. Similar reasoning holds
if p ≡ 1 (mod 4).
This completes the proof of (i). The proof of (ii) is similar. 
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Table 1
Values of k2 , ka and kb for primes p satisfying 3 < p < 300.
p k2 ka kb p k2 ka kb p k2 ka kb p k2 ka kb
5 1 2 1 61 1 5 4 137 2 1 1 223 6 1 1
7 2 1 3 67 1 2 1 139 1 2 3 227 1 1 2
11 1 1 2 71 2 10 14 149 1 2 1 229 3 1 2
13 1 3 2 73 8 2 3 151 10 1 1 233 8 1 1
17 2 1 1 79 2 3 1 157 3 1 4 239 2 2 2
19 1 6 1 83 1 1 1 163 1 2 9 241 10 8 6
23 2 2 2 89 8 1 1 167 2 2 2 251 5 1 2
29 1 4 1 97 2 12 1 173 1 2 1 257 16 1 1
31 6 1 1 101 1 4 1 179 1 1 2 263 2 2 2
37 1 1 12 103 2 1 1 181 1 5 18 269 1 4 1
41 2 1 1 107 1 1 2 191 2 2 2 271 2 1 1
43 3 1 1 109 3 1 2 193 2 2 16 277 3 1 2
47 2 2 2 113 4 1 1 197 1 4 1 281 4 7 1
53 1 4 1 127 18 1 1 199 2 3 1 283 3 2 1
59 1 1 2 131 1 1 10 211 1 42 1 293 1 4 1
Table 2
Values of k2 , ka and kb for primes p satisfying p ≡ 5 or 23 (mod 24), with 3 < p < 1000.
p ≡ 5 (mod 24) p ≡ 23 (mod 24)
(k2, ka, kb) Values of p (k2, ka, kb) Values of p
(1, 2, 1) 5, 149, 173, 389, 557, 653, 677, 797, 941 (2, 2, 2) 23, 47, 167, 191, 239, 263, 359, 383, 479, 503, 599, 647, 719, 743, 839, 863, 887, 983
(1, 4, 1) 29, 53, 101, 197, 269, 293, 317, 509, 773 (2, 2, 10) 311
(1, 4, 7) 701 (2, 10, 14) 71
(1, 10, 1) 461 (10, 2, 2) 911
(1, 20, 1) 821 (10, 10, 10) 431
Example 1.2.1. For p = 11 we have q = 5, a = 7, b = 9. Differences are as follows:
x 1 2 3 4 5 6 7 8 9 10
µ∗a(x) 4 1 3 2 3 3 2 3 1 4
µa(x) 5 1 4 2 3 3 2 4 1 5
µ∧a (x) 6 1 5 2 3 3 2 5 1 6
µ∗b(x) 2 5 2 1 4 4 1 2 5 2
µb(x) 3 5 2 1 4 4 1 2 5 3
µ∧b (x) 4 5 2 1 4 4 1 2 5 4
1.3. Further preliminaries
The theorems in this paper depend on ordp(2), ordp(a) and ordp(b), i.e. on the orders of 2, a and b, respectively, modulo p.
Some of the constructions are most easily written down by using the notations k2 = (p− 1)/ordp(2), ka = (p− 1)/ordp(a)
and kb = (p − 1)/ordp(b). As the values of ka and kb are unfamiliar, we tabulate these, for 3 < p < 300, alongside the
corresponding values of p and k2, in Table 1.
As we shall find that we have special interest in primes p satisfying p ≡ 5 or 23 (mod 24), we use Table 2 to summarise
the values of k2, ka and kb for such p-values in the wider range 3 < p < 1000 which we use in Section 3.
Section 2 gives some basic results about theµ∗- orµ∧-differences for ordered sequences involving successive powers of
a and b, and for concatenations of such sequences. Roughly speaking, the sequences considered are plausible half-terraces
or nearly that. Not all the results have proved fruitful in yielding constructions for terraces, but they are insightful and may
well be useful for other constructions. Section 3 uses results from Section 2 to construct some terraces for Zp−1 and Zp+1,
where p is prime.
As in previous papers, we sometimes avoid cumbersome notation by writing f
x→ and f x← to represent
fx0 fx1 . . . fxq−1 and fx0 fx−1 . . . fx−(q−1) respectively if q = ordp(x). The direction of the arrow indicates the direction
of the successive multiplications by x. If ordp(x) = 2q we enclose the sequence of elements in colons as in [11]; we then
write : f x→ : for : fx0 fx1 . . . fxq−1 : and we likewise write : f x← : for : fx0 fx−1 . . . fx−(q−1) : .
Whenworking inZp to obtain a terrace forZp+1 we sometimes, as in [8], need to insert 00 or 0p somewhere in a sequence
obtained from successive powers of some element x. We then describe the inserted zero as an intercalate, and we write it in
square brackets, as in the following:
1 2 4 . . . 3 6 [0] 12 (mod 23);
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here the insertion of the intercalate in the sequence 1
2→ of powers of 2 (mod 23) gives the µ∧-difference 12 whilst
preserving the difference 6.
2. Results for some simple sequences
2.1. Moving from Zp to Zp−1
We start with a theoremwhich includes the result in Theorem 2.1 of [7] and which we generalise in Theorem 2.1.4. In it,
as in many of the subsequent results, the sequence exhibited has the property that, for each x from Zp \ {0}, precisely one
of x and−x is in the sequence.
Theorem 2.1.1. Let p be a prime, p > 5, p 6≡ 1 or 5 (mod 24), such that ordp(a) = p − 1 or q where a = (p + 3)/2 and
q = (p− 1)/2. Consider the sequences
a0 a1 . . . aq−1 (mod p)
and
2a0 2a1 . . . 2aq−1 (mod p)
where each element is evaluated so as to lie in (0, p). The µ∗-differences for each of these sequences comprise exactly one
occurrence of each member of Sq−1.
Proof. The first part is proved in [7, Theorem 2.1] and is indeed a simple corollary of Lemma 1.2.1. The proof of the second
part is similar. 
Coverage: From Table 1 we see that, in the range 3 < p < 300, Theorem 2.1.1 covers values of p as follows, where the
congruences are modulo 24:
p ≡ 7 : 7, 31, 103, 127, 151, 223, 271
p ≡ 11 : 11, 59, 83, 107, 131, 179, 227, 251
p ≡ 13 : 37, 109, 157, 229, 277
p ≡ 17 : 17, 41, 89, 113, 137, 233, 257
p ≡ 19 : 43, 67, 139, 163, 283
p ≡ 23 : 23, 47, 167, 191, 239, 263.
Example. For p = 17 we have a = 10 and ordp(a) = 16 = p− 1. So the sequences in Theorem 2.1.1 are
1 10 15 14 4 6 9 5,
for which the µ∗-differences, in order, are
7 5 1 6 2 3 4,
and
2 3 13 11 8 12 1 10,
with µ∗-differences
1 6 2 3 4 5 7.
Theorem 2.1.2. Let p be a prime, p ≡ 5 (mod 24), such that ordp(a) = q/2where a = (p+ 3)/2 and q = (p− 1)/2. Consider
the sequence
a0 a1 . . . a−1 | 2a−1 2a−2 . . . 2a0 (mod p),
each element of which is evaluated so as to lie in (0, p). The µ∗-differences for this sequence comprise exactly one occurrence of
each member of Sq−1.
Proof. As ordp(a) is odd we have−1 6∈ 〈a〉. As 2 is not a square modulo p, the set 〈a〉 ∪ 2〈a〉 consists of precisely half of the
elements ofZp \{0}, with x present if and only if−x is absent. By Lemma 1.2.1, as x varies over the terms of the sequence, the
differences µ∗a(x) give each of 1, 2, . . . , q− 1 once but with (p− 2)/3 occurring twice. But here the differences µ∗a(a−1) =
(p− 2)/3 and µ∗a(2a−1) = (p− 2)/3 are both missing, and the fence difference is (2p+ 2)/3− (p+ 4)/3 = (p− 2)/3, so
(p− 2)/3 is present in the sequence once. 
Coverage: In the range 3 < p < 300, Theorem 2.1.2 covers p = 29, 53, 101, 197, 269, 293 (see Table 2).
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Example. For p = 29, we have a = 16 and ordp(a) = 7 = (p− 1)/4. So the sequence in Theorem 2.1.2 is
1 16 24 7 25 23 20 | 11 17 21 14 19 3 2,
with µ∗-differences
13 8 11 10 2 3 9 6 4 7 5 12 1.
Theorem 2.1.3. Let p be a prime, p ≡ 1 (mod 24), such that ordp(a) = q where a = (p+ 3)/2 and q = (p− 1)/2, and such
that 7 is not a square, modulo p. Write f = (p+ 7)/4 and consider the sequence
: 2a0 2a1 . . . − 2a−1 : | : − fa0 − fa1 . . . + fa−1 : (mod p)
each element of which is evaluated so as to lie in (0, p). The µ∗-differences for this sequence comprise exactly one occurrence of
each member of Sq−1.
Proof. Weneed p ≡ 1 (mod 24) to ensure that q is even and that both 2 and a are squares,modulo p. As ordp(a) = (p−1)/2,
the set 〈a〉 is precisely the set of non-zero squares in Zp, and f 〈a〉 is the set of non-squares. We have −2a−1 = (p − 4)/3
and fa−1 = (5p + 7)/6, so that µ∗−2a−1 = (p − 1)/3 and µ∗fa−1 = (5p − 5)/12. Further, the µ∗-difference at the fence is
(3p− 7)/4− (p− 4)/3 = (5p− 5)/12, so it compensates for the loss of µ∗fa−1 . Thus, from Lemma 1.2.1, the µ∗-differences
give each element of Sq−1 once. 
Coverage: For 7 to be a non-square, modulo p, we need p ≡ 73, 97 or 145 (mod168). So, for 3 < p < 300,
Theorem 2.1.3 covers only (p, a, f ) = (73, 38, 20). Beyond this range, the next possibilities are (p, a, f ) = (313, 158, 80)
and (433, 218, 110).
Example. p = 73, a = 38, q = ordp(a) = 36 and f = 20 6∈ 〈38〉. So the sequence in Theorem 2.1.3 is
: 2 3 41 . . . 67 64 23 : | : 53 43 28 . . . 60 17 62 :,
the µ∗-differences for which contain every element of S35 exactly once.
Theorem 2.1.4. Let p be a prime, p ≡ 5, 19, or 23 (mod 24), such that ordp(a) is odd and 〈a, 3〉 contains half or all of the
elements of Zp\{0}, where a = (p+3)/2. Let ha be the positive integer such that ordp(a) = (p−1)/2ha, andwrite q = (p−1)/2.
If ha > 1, suppose that none of the elements 31, 32, . . . , 3ha−1 lies in 〈a〉. Consider the sequences
(i)
3ha−1 a→ | 3ha−2 a→ | · · · | 30 a→ (mod p)
and
(ii)
2 · 3ha−1 a→ | 2 · 3ha−2 a→ | · · · | 2 · 30 a→ (mod p),
each entry being evaluated within (0, p). If 30, 31, . . . , 3ha−1 are all odd when evaluated, modulo p, within (0, p), then the
µ∗-differences for sequence (i) comprise exactly one occurrence of each member of Sq−1. If 2 · 30, 2 · 31, . . . , 2 · 3ha−1 are all
even when evaluated, modulo p, within (0, p), then the µ∗-differences for sequence (ii) comprise exactly one occurrence of each
member of Sq−1.
Proof. If ha = 1 the theorem follows from Theorem 2.1.1, so now suppose that ha > 1. For a to be a square in Zp we need
p ≡ 1, 5, 19 or 23 (mod 24). We exclude p ≡ 1 (mod 24) for then 〈a, 3〉 is the set of squares in Zp and −1 is a square, so
the given sequence (i) would contain both 1 and−1.
If 〈a, 3〉 contains half of the elements of Zp \ {0} then 1 ∈ 3ha〈a〉 so 3ha ∈ 〈a〉. Suppose that−1 = 3iaj where 0 < i < ha
and 0 < j < ordp(a). If i < ha/2 then 1 = 32ia2j so that 32i ∈ 〈a〉 for 2i < ha, which contradicts the assumptions. If
ha/2 ≤ i < ha then 1 = 32i−haau for some integer u, so 32i−ha ∈ 〈a〉 where 2i − ha < ha, again contradicting assumptions.
So−1 6∈ 〈a, 3〉 and so if x ∈ 〈a, 3〉we have−x 6∈ 〈a, 3〉. If 〈a, 3〉 contains all the elements of Zp \ {0} then−1 ∈ 3ha〈a〉 and
so 〈a〉 ∪ 3〈 a〉 ∪ · · · ∪ 3ha−1〈a〉 contains one of x and−x for each x.
The form of each segment and the succeeding element is 3x . . . 2x | x . If x < p/3, the missing difference and the
compensating fence difference are both x. If x > 2p/3, we have (3x − 2p) . . . (2x − p) | x and the missing and fence
differences are both p− x. The possibility p/3 < x < 2p/3 cannot arise as, in such a case, we would have (3x− p) . . . | x
with 3x− p even. The final missing difference is µ∗a(a−1) = bp/3c and so, by Lemma 1.2.1, we conclude that each element
of Sq−1 occurs once. 
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Coverage: For 3 < p < 300 and ha > 1, Table 1 shows that we may expect Theorem 2.1.4 to cover the following pairs of
values (p, ha), where the congruences are modulo 24; a case-by-case examination shows that sequences (i) and (ii) can be
used for all the pairs of values except (71, 5), for which only sequence (ii) may be used:
p ≡ 5 : (29, 2), (53, 2), (101, 2), (197, 2), (269, 2), (293, 2)
p ≡ 19 : (19, 3)
p ≡ 23 : (71, 5).
Example. For p = 19 we have ha = 3 and 〈a, 3〉 = Zp \ {0}. The values (30, 31, 32) = (1, 3, 9) are all odd, and the values
(2 · 30, 2 · 31, 2 · 32) = (2, 6, 18) are all even. So each of sequences (i) and (ii) in Theorem 2.1.4 has µ∗-differences that
comprise exactly one occurrence of each member of S8.
Example. For p = 71 we have ha = 5 and 〈a, 3〉 ∪ −〈a, 3〉 = Zp \ {0}. The values (30, 31, . . . , 34) = (1, 3, 9, 27, 10) are
not all odd. But the values (2 · 30, 2 · 31, . . . , 2 · 34) = (2, 6, 18, 54, 20) are all even, so sequence (ii) in Theorem 2.1.4 has
µ∗-differences that comprise exactly one occurrence of each member of S34.
Theorem 2.1.5. Let p be a prime such that ordp(a) is even and 〈a, 3〉 = Zp \ {0}, where a = (p + 3)/2. Let ka be the positive
integer such that ordp(a) = (p−1)/ka, and write q = (p−1)/2. If ka > 1, suppose that none of the elements 31, 32, . . . , 3ka−1
lies in 〈a〉. Consider the sequences
(i)
: (−3)ka−1 a→ : | : (−3)ka−2 a→ : | · · · | : (−3)0 a→ : (mod p)
and
(ii)
: 2 · (−3)ka−1 a→ : | : 2 · (−3)ka−2 a→ : | · · · | : 2 · (−3)0 a→ : (mod p),
each entry being evaluated within (0, p). If 30, 31, . . . , 3ka−1 are all odd when evaluated, modulo p, within (0, p), then the
µ∗-differences for sequence (i) comprise exactly one occurrence of each member of Sq−1. If 2 · 30, 2 · 31, . . . , 2 · 3ka−1 are all
even when evaluated, modulo p, within (0, p), then the µ∗-differences for sequence (ii) comprise exactly one occurrence of each
member of Sq−1.
Proof. Similar to that of Theorem 2.1.4. Now the segments have the pattern (−3x) . . . 2x | x . 
Coverage: For 3 < p < 300 and ka > 1, Theorem 2.1.5 covers pairs of values (p, ka) as follows, where the congruences
are modulo 12:
(i) p ≡ 1 : (13, 3), (181, 5)
p ≡ 5 : (5, 2), (149, 2), (173, 2), (281, 7)
p ≡ 7 : (79, 3), (199, 3)
p ≡ 11 : −
(ii) p ≡ 1 : (61, 5), (181, 5)
p ≡ 5 : (149, 2), (173, 2)
p ≡ 7 : (79, 3), (199, 3)
p ≡ 11 : −
The theorem fails to cover p = 73, 97, 193 and 241 as, in each of these cases, both a and 3 are quadratic residues in Zp.
Example. p = 13, q = 6, a = 8, ordp(a) = 4, ka = 3. The values (30, 31, 32) = (1, 3, 9) are all odd, and sequence (i) in
Theorem 2.1.5 is
: 9 7 : | : 10 2 : | : 1 8 :,
with µ∗-differences
2 3 4 1 5.
Example. p = 61, q = 30, a = 32, ordp(a) = 12, ka = 5. In this example the 5 values (2 · 30, 2 · 31, . . . , 2 · 34) =
(2, 6, 18, 54, 40) are all even; sequence (ii) in Theorem 2.1.5 is
: 40 60 29 13 50 14 : | : 7 41 31 16 24 36 : | : 18 27 10 15 53 49 : |
: 55 52 17 56 23 4 : | : 2 3 35 22 33 19 :,
and its µ∗-differences comprise exactly one occurrence of each member of S29.
Now we move on to two theorems involving the element b satisfying 4b ≡ 3 (mod p), with 1 < b < p.
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Theorem 2.1.6. Let p be a prime, p ≡ 5, 7 or 11 (mod 12). Let b be the element of Zp that satisfies 4b ≡ 3 (mod p), with
1 < b < p. Suppose that ordp(b) is equal to p− 1 or q where q = (p− 1)/2. Consider the sequence
b0 b−1 . . . b−(q−1) (mod p)
where each element is evaluated to lie in (0, p). The µ∗-differences for this sequence comprise exactly one occurrence of each
member of Sq \ {bp/3c}.
Proof. The conditions ensure that, for each x, exactly one of x and−x occurs in the sequence. By Lemma1.2.2, the differences
µ∗b(x) give each element ofSq once, save that bp/3c ismissing and bp/4c occurs twice. But here the differenceµ∗b(1) = bp/4c
is missing, so the result follows. 
Coverage: From Table 1 we see that, in the range 3 < p < 300, the values of p covered by Theorem 2.1.6 are as follows,
where the congruences are modulo 12:
p ≡ 5 : 5, 17, 29, 41, 53, 89, 101, 113, 137, 149, 173, 197, 233, 257, 269, 281, 293
p ≡ 7 : 19, 31, 43, 67, 79, 103, 127, 151, 199, 211, 223, 271, 283
p ≡ 11 : 11, 23, 47, 59, 83, 107, 167, 179, 191, 227, 239, 251, 263.
Example. For p = 17 we have b = 5 and b−1 = 7. Here ordp(b) = p− 1. The sequence in Theorem 2.1.6 is
1 7 15 3 4 11 9 12,
and its µ∗-differences are
6 8 4 1 7 2 3.
Example. For p = 23 we have b = 18 and b−1 = 9. Here ordp(b) = (p− 1)/2. The sequence in Theorem 2.1.6 is
1 9 12 16 6 8 3 4 13 2 18,
and its µ∗-differences are
8 3 4 10 2 5 1 9 11 6.
Theorem 2.1.7. Let p be a prime, p ≡ 13 (mod 24), such that ordp(b) = q/2where b = (p+3)/4 and q = (p−1)/2. Consider
the sequence
b0 b−1 . . . b+1 | − 2−1b+1 − 2−1b+2 . . . − 2−1b0 (mod p)
where each element is evaluated to lie in (0, p). The µ∗-differences for this sequence comprise exactly one occurrence of each
member of Sq \ {(p− 1)/3}.
Proof. Here b is a square but 2 is not. As ordp(b) is odd, we again have, for each x, exactly one of x and −x present in the
sequence. At the fence (p+ 3)/4 | (7p− 3)/8 the µ∗-difference is (3p+ 1)/8, which compensates for the lost difference
µ∗b((p− 1)/2). The other missing difference is µ∗b(1) = bp/4c, so the result follows from Lemma 1.2.2. 
Coverage: From Table 1 we see that, in the range 3 < p < 300, Theorem 2.1.7 covers p = 61 and 157.
Example. p = 61, b = 16, ordp(b) = 15, q = 30. The sequence in Theorem 2.1.7 is
1 42 56 . . . 9 12 16 | 53 55 26 . . . 2 32 . . . 33 40 30,
with the difference (p− 1)/2 occurring between the entries 2 and 2b in the second segment.
2.2. Moving from Zp to Zp+1
Theorem 2.2.1. Let p be a prime, p > 5, p 6≡ 1 or 5 (mod 24), such that ordp(a) = p − 1 or q where a = (p + 3)/2 and
q = (p− 1)/2. Consider the sequence
a1 a2 . . . aq (mod p)
where each element is evaluated so as to lie in (0, p). The µ∧-differences for this sequence comprise exactly one occurrence of
each member of Sq \ {dp/3e}.
Proof. This follows from Lemma 1.2.1. 
Coverage: The p-values covered by this theorem are as for Theorem 2.1.1.
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Example. p = 17, a = 10, ordp(a) = 16 = p− 1. The sequence in Theorem 2.2.1 is
10 15 14 4 6 9 5 16,
with µ∧-differences
5 1 8 2 3 4 7.
Theorem 2.2.2. Let p be a prime, p ≡ 5 (mod 24), such that ordp(a) = q/2where a = (p+ 3)/2 and q = (p− 1)/2. Consider
the sequence
a1 a2 . . . a0 | 2−1a1 2−1a2 . . . 2−1a0 (mod p)
where each element is evaluated so as to lie in (0, p). The µ∧-differences for this sequence comprise exactly one occurrence of
each member of Sq \ {(p+ 1)/3}.
Proof. Similar to that of Theorem 2.1.2. Again, for each x, exactly one of x and−x is present. The differencesµ∧a (x) for those
values x in the sequence give each of 1, 2, . . . , q + 1 save that (p + 1)/3 is missing. Also missing here is µ∧a (a−1) = q + 1
and µ∧a (2−1) = (p− 1)/4; the second of these is compensated for at the fence. 
Coverage: The p-values covered by this theorem are as for Theorem 2.1.2.
Example. p = 29, a = 16, ordp(a) = 7 = (p− 1)/4. The sequence in Theorem 2.2.2 is
16 24 7 25 23 20 1 | 8 12 18 27 26 10 15,
with µ∧-differences
8 13 12 2 3 11 7 4 6 9 1 14 5.
Wemight now hope to have a theorem, analogous to Theorem 2.2.2 but with half-cycle segments instead of whole-cycle
segments. We have indeed achieved this, but not with the missing difference again equal to (p+ 1)/3.
Theorem 2.2.3. Let p be a prime, p ≡ 73 or 97 (mod120), such that ordp(a) = q where a = (p+ 3)/2 and q = (p− 1)/2. Let
g = (p+ 5)/6. Consider the sequence
: a0 a−1 . . . − a+1 : | : − ga0 − ga−1 . . . + ga+1 : (mod p)
where each element is evaluated so as to lie in (0, p). The µ∧-differences for this sequence comprise exactly one occurrence of
each member of Sq \ {(5p+ 7)/12}.
Proof. The conditions ensure that 5 is not a square in Zp but that a is, and 〈a〉 is the set of squares for Zp; so g 6∈ 〈a〉. The
differencesµ∧a (x) for values x in the sequence give each of 1, 2, . . . , q+1 oncewith the value (p+2)/3missing. Alsomissing
here are µ∧a (1) = q+ 1 and µ∧a (g) = (5p+ 7)/12; but the fence difference gives the missing difference (p+ 2)/3. 
Coverage: From Table 1 we see that, in the range 3 < p < 300, this theorem covers p = 73 and 193. It also covers
p = 337.
Example. p = 73, q = 36, a = 38, ordp(a) = 36 and g = 13 6∈ 〈38〉. Theorem 2.2.3 gives the sequence
: 1 25 41 . . . 24 16 35 : | : 60 40 51 . . . 53 11 56 :,
the µ∧-differences for which comprise each member of S36 \ {31} exactly once.
Theorem 2.2.4. Let p be a prime, p ≡ 5, 19 or 23 (mod 24), such that ordp(a) is odd and 〈a, 3〉 contains half or all of the
elements of Zp\{0}, where a = (p+3)/2. Let ha be the positive integer such that ordp(a) = (p−1)/2ha, andwrite q = (p−1)/2.
If ha > 1, suppose that none of the elements 31, 32, . . . 3ha−1 lies in 〈a〉. Consider the sequence
a
a→ | 30 · 2 a← | 31 · 2 a← | · · · | 3ha−2 · 2 a← (mod p),
each entry being evaluated within (0, p). If 30, 31, . . . , 3ha−1 are all odd when evaluated, modulo p, within (0, p), then the
µ∧-differences for the sequence comprise exactly one occurrence of each member of Sq \ {dp/3e}.
Proof. As for Theorem 2.1.4. 
Coverage: The p-values covered by this theorem are as for sequence (i) of Theorem 2.1.4.
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Example. p = 19. As we saw in the first example following Theorem 2.1.4, we have ha = 3 and 〈a, 3〉 = Zp \ {0}, and the
values (30, 31, 32) = (1, 3, 9) are all odd. The sequence from Theorem 2.2.4 is
11 7 1 | 2 14 3 | 6 4 9,
and the set of µ∧-differences is S9 \ {7}.
Theorem 2.2.5. Let p be a prime such that ordp(a) is even and 〈a, 3〉 = Zp \ {0}, where a = (p + 3)/2. Let ka be the positive
integer such that ordp(a) = (p−1)/ka, and write q = (p−1)/2. If ka > 1, suppose that none of the elements 31, 32, . . . , 3ka−1
lies in 〈a〉. Consider the sequence
: a a→ : | : − (−3)0 · 2 a← : | : − (−3)1 · 2 a← : | · · · | : − (−3)ka−2 · 2 a← : (mod p) ,
each entry being evaluated within (0, p). If 30, 31, . . . , 3ka−1 are all odd when evaluated, modulo p, within (0, p), then the
µ∧-differences for the sequence comprise exactly one occurrence of each member of Sq \ {dp/3e}.
Proof. Similar to that for Theorem 2.1.5. 
Coverage: The p-values covered by this theorem are as for sequence (i) of Theorem 2.1.5.
Example. p = 13, q = 6, a = 8, ordp(a) = 4, ka = 3. As we saw in the first example following Theorem 2.1.5, the values
(30, 31, 32) = (1, 3, 9) are all odd. The sequence from Theorem 2.2.5 is
: 8 12 : | : 11 3 : | : 6 4 :,
and its µ∧-differences
4 1 6 3 2
comprise exactly one occurrence of each member of S6 \ {5}.
Note: Theorem 2.2.4 can be generalised by:
(i) replacing the sequence by
ay
a→ | 30 · 2y a← | 31 · 2y a← | · · · | 3ha−2 · 2y a← (mod p),
and
(ii) replacing the requirement that 30, 31, . . . , 3ha−1 are all odd by the requirement that 30y, 31y, . . . , 3ha−1y are all of
the same parity.
Theorem 2.2.5 can be generalised similarly.
Theorem 2.2.6. Let p be a prime, p ≡ 5, 7 or 11 (mod 12). Let b be the element of Zp that satisfies 4b ≡ 3 (mod p), with
1 < b < p. Suppose that ordp(b) is equal to p− 1 or q where q = (p− 1)/2. Consider the sequence
b0 b1 . . . bq−1 (mod p).
The µ∧-differences for this sequence comprise exactly one occurrence of each member of Sq \ {dp/4e}.
Proof. Again the conditions ensure that, for all x, exactly one of x and −x is present in the sequence. By Lemma 1.2.2, the
differencesµ∧b (x), for x in the sequence, give each of 1, 2, . . . , q once, with dp/4emissing but b(p+3)/3c repeated. But also
missing here is µ∧b (4/3), so the result follows once we have checked that µ
∧
b (4/3) = b(p+ 3)/3c.
If p ≡ 2 (mod 3) and ordp(b) = q, then µ∧b (4/3) = µ∧b ((p + 4)/3) = ((p + 4)/3) − 1 = (p + 1)/3. If p ≡ 2 (mod 3)
and ordp(b) = p − 1, then p ≡ 5 (mod 24) and (p + 4)/3 ≡ 3 (mod 4). But µ∧b (4/3) = µb(4/3) = µb((p + 4)/3) =
((p+ 4)/3)− 1 = (p+ 1)/3.
The case p ≡ 1 (mod 3) is dealt with similarly. 
Coverage: The p-values covered by this theorem are as for Theorem 2.1.6.
Example. p = 17, b = 5, ordp(b) = 16 = p− 1. The sequence in Theorem 2.2.6 is
1 5 8 6 13 14 2 10,
with µ∧-differences
4 3 2 7 1 6 8.
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Theorem 2.2.7. Let p be a prime, p ≡ 13 (mod 24), such that ordp(b) = q/2where b = (p+3)/4 and q = (p−1)/2. Consider
the sequence
2b0 2b−1 . . . 2b+1 | b0 b+1 . . . b−1 (mod p)
where each element is evaluated to lie in (0, p). The µ∧-differences for this sequence comprise exactly one occurrence of each
member of Sq+1 \ {(p− 1)/2, b}.
Proof. The conditions ensure that b is a square inZp but that 2 is not, and also that, for each x, exactly one of x and−x occurs
in the sequence. By Lemma 1.2.2, all the differences µ∧b (x), for x in the sequence, give 1, 2, . . . , q with dp/4e missing andb(p+3)/3c = (p+2)/3 repeated. Butmissing here too areµ∧b (2) = (p−1)/2 andµ∧b (4/3) = µ∧b ((2p+4)/3) = (p+2)/3.
The fence difference is q+ 1; the result follows, as dp/4e = b. 
Coverage: The p-values covered by this theorem are as for Theorem 2.1.7.
Example. p = 61, b = 16, ordp(b) = 15, q = 30. The sequence in Theorem 2.2.7 is
2 23 51 . . . 18 24 32 | 1 16 12 . . . 34 56 42.
3. Terrace constructions
This section gives a few constructions for terraces for Zp−1 and Zp+1 where p ≡ 23 (mod 24). Each theorem is followed
by a list of the p-values that are covered in the range 3 < p < 1000 (see Table 2). The constructions for Zp−1 fail to cover
p = 71, 431 and 911, whereas those for Zp+1 fail to cover p = 71, 431, 479 and 911.
3.1. Terraces for Zp−1
We start by quoting Theorem 4.4 of [7], as this theorem is the inspiration for those that follow.
Theorem 3.1.1. Let p be a prime, p ≡ 23 (mod 24), such that ordp(2) = ordp(a) = (p − 1)/2 where a = (p + 3)/2. Let i
be an integer such that the element 2i from Zp takes a value satisfying 0 < 2i < (p − 1)/2. Consider the following sequence of
elements of Zp \ {0}, with each element evaluated so as to lie in (0, p):
−a(p−3)/2 − a(p−5)/2 . . . − a0 | 2i 2i−1 . . . 2i−(p−3)/2.
When re-interpreted modulo p− 1, this sequence is a terrace for Zp−1.
Proof. See [7, Theorem 4.4]. 
Coverage: In the range 3 < p < 1000, Theorem 3.1.1 covers p = 23, 47, 167, 191, 239, 263, 311, 359, 383, 479, 503, 599,
647, 719, 743, 839, 863, 887, 983. It does not cover p = 71, 431, 911 (see Table 2).
Theorem 3.1.2. Let p be a prime, p ≡ 23 or 47 (mod120), such that ordp(2) = ordp(a) = ordp(b) = (p − 1)/2 where
b = 3(p + 1)/4 and a = (p + 3)/2, so that a ≡ 2b (mod p). Take y ≡ −3 · 5−1 (mod p). Consider the following sequence of
elements of Zp \ {0}, with each element evaluated so as to lie in (0, p):
a2 a3 . . . a0 a1 | − 2yb0 − 2yb−1 − 2yb−2 . . . − 2yb+1.
When re-interpreted modulo p− 1, this sequence is a terrace for Zp−1.
Proof. The conditions ensure that 2 and 3, and hence a and b, are squares inZp, and−1 and 5 are non-squares. The left-hand
part of the sequence consists of the squares, and the right-hand part, the non-squares. For each x, the value x is on the left if
and only if−x is on the right.
By Lemma 1.2.1, theµ∗-differences on the left give 1, 2, . . . , q−1 once, save that bp/3c occurs twice; also here the value
µ∗a(a) = (p − 3)/4 = bp/4c is missing. By Lemma 1.2.2, the µ∗-differences on the right give 1, 2, . . . , q once, but withbp/3cmissing and bp/4c present twice. Also here µ∗b(−2y) = (p∓ 3)/10 (according as p ≡ 3 or 7, modulo 10) is missing,
but this is compensated for at the fence. So altogether we have 1, 2, . . . , q− 1 twice and q once, so the sequence is indeed
a terrace for Z2q. 
Coverage: In the range 2 < p < 1000, the p-values covered by Theorem 3.1.2 are p = 23, 47, 167, 263, 383, 503, 647,
743, 863, 887, 983, these values forming a subset of the values covered by Theorem 3.1.1.
Example. Taking p = 23 in Theorem 3.1.2, whence a = 13, b = 18, y = 4, we have the Z22 terrace
8 12 18 4 6 9 2 3 16 1 13 | 15 20 19 10 21 5 22 14 11 7 17.
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Example. Taking p = 47 in Theorem 3.1.2, whence a = 25, b = 36, y = 37, we have the Z46 terrace
14 21 . . . 17︸ ︷︷ ︸
7 terms
↑ 2 . . . 1 25︸ ︷︷ ︸
16 terms
| 20 11 . . . 33︸ ︷︷ ︸
9 terms
↑ 44 . . . 23 15︸ ︷︷ ︸
14 terms
.
If we regard the arrows and fence as splitting this terrace into 4 subsegments, reversing every subsegment yields another
Z46 terrace, but this result does not generalise.
3.2. Terraces for Zp+1
Theorem 3.2.1. Let p be a prime, p ≡ 23 (mod 72), such that ordp(2) = ordp(a) = (p− 1)/2where a = (p+ 3)/2. Consider
the sequence
00 | 3−2 · 2−1 3−2 · 2−2 . . . 3−2 · 20 | 0p | − 3−1a0 − 3−1a1 . . . − 3−1a−1
where each of the elements 00 and 0p is evaluated as its suffix, and where each other element is evaluated, modulo p, to lie in
(0, p). When re-interpreted modulo p+ 1, this sequence is a terrace for Zp+1.
Proof. The conditions ensure that 2 and 3 are squares in Zp, but that−1 is not, and that 3−2 = (7p+ 1)/9. So the sequence
is
0 | (7p+ 1)/18 . . . (7p+ 1)/9 | p | (2p− 1)/3 . . . (4p− 2)/9,
and the proof is straightforward. 
Coverage: In the range 3 < p < 1000 this theorem covers p = 23, 167, 239, 311, 383, 599, 743 and 887 (see Table 2).
Example. With p = 23, Theorem 3.2.1 yields the following terrace for Z24:
0 | 9 16 8 4 2 1 12 6 3 13 18 | 23 | 15 11 5 19 17 14 21 20 7 22 10.
Theorem 3.2.2. Let p be a prime, p ≡ 23 (mod 24), such that ordp(2) = ordp(a) = (p− 1)/2where a = (p+ 3)/2. Consider
the sequences
(i)
− a0 − a−1 . . . − 3−1a [ 0p ] − 3−1 . . . − a2 − a1 | 20z 21z . . . 2−1z | 00
and
(ii)
− a1 − a2 . . . − 3−1 [ 0p ] − 3−1a . . . − a−1 − a0 | 20y 21y . . . 2−1y | 00
where each of the elements 00 and 0p is evaluated as its suffix, and where each other element is evaluated, modulo p, to lie in
(0, p). With re-interpretation modulo p+ 1, terraces for Zp+1 can be obtained as follows:
(a) If 5 6∈ 〈2〉, i.e. p ≡ 23 or 47 (mod120), take z = (p− 5)/3 in (i).
(b) If 7 6∈ 〈2〉, i.e. p ≡ 11, 15 or 23 (mod 28), take y = (5p− 7)/6 in (ii).
(c) If 11 6∈ 〈2〉, i.e. p ≡ 3, 15, 23, 27 or 31 (mod 44), take y = (p− 11)/6 in (ii).
Proof. As p ≡ 23 (mod 24), the values 2, 3 and a are squares in Zp, the set 〈a〉 is the set of squares, and the set−〈a〉 is the
set of non-zero non-squares. So we need y and z to be squares.
On the left of (i) we have the µ∧-differences 1, 2, . . . , q + 1 with (p + 1)/3 missing; also µ∧a (1) = (p + 1)/2 and
µ∧a (−1/3) = (p+1)/6 are missing, but the fences yield theµ∧-differences (p+1)/2 and (p+1)/3. On the right we obtain
1, 2, . . . , q except for 2−1z = (p − 5)/6, but this is compensated for at the final fence. There is also a contribution at the
fence (−a) | z , i.e. the fence (p− 3)/2 | (p− 5)/3 , where theµ∧-difference is (p+ 1)/6. So altogether we have 1, 2, . . . , q
exactly twice and q+ 1 exactly once, whence the sequence is indeed a terrace for Z2q+2.
Sequence (ii) is dealt with similarly. 
Coverage: For 3 < p < 1000 the p-values covered by this theorem are as follows (cf. Table 2), where p = 479 is our
sorrow:
23 47 167 191 239 263 311 359 383 479
(a)
√ √ √
– –
√
– –
√
–
(b)
√
– –
√ √ √
–
√
– –
(c)
√ √
–
√
– –
√
–
√
–
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503 599 647 719 743 839 863 887 983
(a)
√
–
√
–
√
–
√ √ √
(b) –
√
– –
√
–
√
– –
(c) –
√ √ √
–
√ √
–
√
Example. For p = 23 neither 5 nor 7 nor 11 is in 〈2〉. So each of (a), (b) and (c) in Theorem 3.2.2 provides a terrace for Z24.
The (a) terrace is this:
22 7 20 21 14 17 19 5 11 [ 23 ] 15 10 | 6 12 1 2 4 8 16 9 18 13 3 | 0.
Although we know no general constructions that use the multiplier b = 3 · 2−2 (mod p) to construct Zp+1 terraces
from power-sequences in Zp, we have found two special-case constructions of this sort, and they are for p-values that have
already attracted our attention, namely p = 23 and p = 47, which both have ordp(b) = (p− 1)/2. For ease of reference, we
put these two constructions into the next and final ‘theorem’.
Theorem 3.2.3. With our usual rules about evaluating elements, modulo p, to lie in (0, p), we have terraces as follows:
(i) For Z24 (with p = 23):
20 21 . . . 2−2 [ 00 ] 2−1 | 023 | − 23 · 3−1b0 − 23 · 3−1b−1 . . . − 23 · 3−1b+1,
i.e.
1 2 4 . . . 3 6 [ 0 ] 12 | 23 | 5 22 14 . . . 10 21.
(ii) For Z48 (with p = 47):
−23 · 3−1b1 − 23 · 3−1b2 . . . − 23 · 3−1b0 | 20 21 . . . 2−2 [ 00 ] 2−1 | 047,
i.e.
45 22 40 . . . 33 13 | 1 2 4 . . . 6 12 [ 0 ] 24 | 47.
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